Introduction {#Sec1}
============

Markov chains are probabilistic models that can be used to describe the uncertain dynamics of a large variety of stochastic processes. One of the key results within the field is the point-wise ergodic theorem. It establishes a relation between the long-term time average of a real-valued function and its limit expectation, which is guaranteed to exist if the Markov chain is ergodic.[1](#Fn1){ref-type="fn"} For this reason, limit expectations and limit distributions have become central objects of interest. Of course, if one is interested in the long-term behaviour of time averages, one could also study the expected values of these averages directly. This is not often done though, because the limit of these expected time averages coincides with the aforementioned limit expectations, which can straightforwardly be obtained by solving a linear eigenproblem \[[@CR10]\].

We here consider a generalisation of Markov chains, called imprecise Markov chains \[[@CR2], [@CR4], [@CR9]\], for which the considerations above are not necessarily true. Imprecise Markov chains are sets of traditional ("precise") probabilistic models, where the Markov property (history independence) and time-homogeneity apply to the collection of precise models as a whole, but not necessarily to the individual models themselves. Imprecise Markov chains therefore allow one to incorporate model uncertainty about the numerical values of the transition probabilities that make up a Markov chain, but also, and more importantly, about structural assumptions such as time-homogeneity and the Markov property. For such an imprecise Markov chain, one is then typically interested in obtaining tight upper and lower bounds on inferences for the individual constituting models. The operators that represent these upper and lower bounds are respectively called upper and lower expectations.

Just like traditional Markov chains can have a limit expectation, an imprecise Markov chain can have limit upper and lower expectations. There are necessary and sufficient conditions for their existence \[[@CR8]\] as well as an imprecise variant of the point-wise ergodic theorem \[[@CR2]\]. An important difference with traditional Markov chains however, is that upper and lower bounds on expectations of time averages---we will call these upper and lower expected time averages---may not converge to limit upper and lower expectations. Nevertheless, because they give conservative bounds \[[@CR11], Lemma 57\], and because they are fairly easy to compute, limit upper and lower expectations are often used as descriptors of the long-term behaviour of imprecise Markov chains, even if one is actually interested in time averages. This comes at a cost though: as we illustrate in Sect. [4](#Sec4){ref-type="sec"}, both inferences can differ greatly, with limit expectations providing far too conservative bounds.

Unfortunately, apart from some experiments in \[[@CR11]\], little is known about the long-term behaviour of upper and lower expected time averages in imprecise Markov chains. The aim of this paper is to remedy this situation. Our main result is an accessibility condition that is necessary and sufficient for upper and lower expected time averages to converge to a limit value that does not depend on the process' initial state; see Sect. [7](#Sec7){ref-type="sec"}. Remarkably, this condition is considerably weaker than the ones required for limit lower and upper expectations to exist.

Technical proofs are relegated to the appendix of an extended online version \[[@CR12]\]. This is particularly true for the results in Sect. [7](#Sec7){ref-type="sec"}, where the main text provides an informal argument that aims to provide intuition.

Markov Chains {#Sec2}
=============
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In a similar way, we can define the upper expectations $\documentclass[12pt]{minimal}
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As we have mentioned before, imprecise Markov chains generalise traditional Markov chains by incorporating different types of model uncertainty. The corresponding upper (and lower) expectations then allow us to make inferences that are robust with respect to this model uncertainty. For a more detailed discussion on the motivation for and interpretation behind these and other types of so-called imprecise probability models, we refer to \[[@CR1], [@CR5], [@CR14]\].

Within the context of imprecise Markov chains, we will be specifically concerned with two types of inferences: the upper and lower expectation of a function at a single time instant, and the upper and lower expectation of the time average of a function. For imprecise Markov chains under epistemic irrelevance and under complete independence, both of these inferences coincide \[[@CR11], Theorem 51 & Theorem 52\]. For any $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in \mathscr {X}{}$$\end{document}$. In the remainder, we will omit imprecise Markov chains under repetition independence from the discussion. Generally speaking, this type of imprecise Markov chain is less studied within the field of imprecise probability because of its limited capacity to incorporate model uncertainty. Indeed, it is simply a set of time-homogeneous precise Markov chains and therefore only allows for model uncertainty about the numerical values of the transition probabilities. Moreover, as far as we know, a characterisation for the ergodicity of such Markov chains---a central topic in this paper---is currently lacking. We therefore believe that this subject demands a separate discussion, which we defer to future work.

Transition Operators, Ergodicity and Weak Ergodicity {#Sec4}
====================================================
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                \begin{document}$$\overline{\mathrm {E}}_{k}(f \vert x)$$\end{document}$ were among the first ones to be thoroughly studied in imprecise Markov chains. Their study was fundamentally based on the observation that $\documentclass[12pt]{minimal}
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Accessibility Relations and Topical Maps {#Sec5}
========================================
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The characterisation of ergodicity using (TCR) and (TCA) was strongly inspired by the observation that upper transition operators are part of a specific collection of order-preserving maps, called *topical maps*. These are maps $\documentclass[12pt]{minimal}
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A Sufficient Condition for Weak Ergodicity {#Sec6}
==========================================

As a first step, we aim to find sufficient conditions for the existence of $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar3}
-------
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To find conditions that guarantee the existence of an eigenvector of $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar4}
-------
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Proof {#FPar5}
-----

Consider any two vertices *x* and *y* in the graph $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar6}
-----------
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Proof {#FPar7}
-----

Lemma [2](#FPar4){ref-type="sec"} implies that $\documentclass[12pt]{minimal}
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In principle, we could use this result to directly obtain the desired condition for the existence of an eigenvector from \[[@CR6], Theorem 2\]. However, \[[@CR6], Theorem 2\] is given in a multiplicative framework and would need to be reformulated in an additive framework in order to be applicable to the map $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{T}{}_{ f}^{}$$\end{document}$; see \[[@CR6], Section 2.1\]. This can be achieved with a bijective transformation, but we prefer to not do so because it would require too much extra terminology and notation. Instead, we will derive an additive variant of \[[@CR6], Theorem 2\] directly from \[[@CR6], Theorem 9\] and \[[@CR6], Theorem 10\].

The first result establishes that the existence of an eigenvector is equivalent to the fact that trajectories are bounded with respect to the Hilbert semi-norm $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar8}
---------
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That the boundedness of a single trajectory indeed implies the boundedness of all trajectories follows from the non-expansiveness of a topical map with respect to the Hilbert semi-norm \[[@CR6]\]. The second result that we need uses the notion of a *super-eigenspace*, defined for any topical map *F* and any $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \in \mathbb {R}{}$$\end{document}$ as the set .

Theorem 2 {#FPar9}
---------

\[[@CR6], Theorem 10\]**.** Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F :\mathbb {R}{}^n \rightarrow \mathbb {R}{}^n$$\end{document}$ be a topical map such that the associated graph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {G}'(F)$$\end{document}$ is strongly connected. Then all of the super-eigenspaces are bounded in the Hilbert semi-norm.

Together, these theorems imply that any topical map $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {G}'(F)$$\end{document}$ is strongly connected, has an eigenvector. The connection between both is provided by the fact that trajectories cannot leave an eigenspace. The following result formalises this.

Theorem 3 {#FPar10}
---------
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Proof {#FPar11}
-----
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In the remainder of this paper, we will use the fact that $\documentclass[12pt]{minimal}
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Necessary and Sufficient Condition for Weak Ergodicity {#Sec7}
======================================================
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Proposition 2 {#FPar14}
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Proposition 4 {#FPar16}
-------------
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Together with Propositions [3](#FPar15){ref-type="sec"} and [4](#FPar16){ref-type="sec"}, this allows us to conclude that (TCA) is a necessary and sufficient condition for weak ergodicity.

Theorem 4 {#FPar18}
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Conclusion {#Sec8}
==========

The most important conclusion of our study of upper and lower expected time averages is its final result: that being top class absorbing is necessary and sufficient for weak ergodicity; a property that guarantees upper and lower expected time averages to converge to a limit value that does not depend on the process' initial state. In comparison with standard ergodicity, which guarantees the existence of a limit upper and lower expectation, weak ergodicity thus requires less stringent conditions to be satisfied. We illustrated this difference in Example [1](#FPar1){ref-type="sec"}, where we considered a(n imprecise) Markov chain that satisfies (TCA) but not (TCR).

Apart from the fact that their existence is guaranteed under weaker conditions, the inferences $\documentclass[12pt]{minimal}
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In summary then, when it comes to characterising long-term time averages, there are two advantages that (limits of) upper and lower expected time averages have over conventional limit upper and lower expectations: they exist under weaker conditions and they are at least as (and sometimes much more) informative.

That said, there is also one important feature that limit upper and lower expectations have, but that is currently still lacking for upper and lower expected time averages: an (imprecise) point-wise ergodic theorem \[[@CR2], Theorem 32\]. For the limit upper and lower expectations of an ergodic imprecise Markov chain, this result states that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\mathrm {E}}_{\mathrm {av},\infty }(f)$$\end{document}$ and , respectively. If such a result would hold, it would provide us with (strictly almost sure) bounds on the limit values attained by time averages that are not only more informative as the current ones, but also guaranteed to exist under weaker conditions. Whether such a result indeed holds is an open problem that we would like to address in our future work.

A second line of future research that we would like to pursue consists in studying the convergence of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\mathrm {E}}_{\mathrm {av},k}(f \vert x)$$\end{document}$ in general, without imposing that the limit value should not depend on *x*. We suspect that this kind of convergence will require no conditions at all.

The term ergodicity has various meanings; sometimes it refers to properties of an invariant measure, sometimes it refers to properties such as irreducibility (with or without aperiodicity), regularity, \... Our usage of the term follows conventions introduced in earlier work \[[@CR2], [@CR8]\] on imprecise Markov chains; see Sects. [2](#Sec2){ref-type="sec"} and [4](#Sec4){ref-type="sec"}.
